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Abstract 



An acyclic edge coloring of a graph G is a proper edge coloring such that no Dichro- 
matic cycles are produced. The acyclic chromatic index a'(G) of G is the smallest 
integer k such that G has an acyclic edge coloring using k colors. It was conjectured 
that a'{G) < A + 2 for any simple graph G with maximum degree A. In this paper, 
we prove that if G is a planar graph, then a'(G) < A + 7. This improves a result by 
Basavaraju et al. [Acyclic edge- coloring of planar graphs, SIAM J. Discrete Math., 25 
(2011), pp. 463-478], which says that every planar graph G satisfies a'(G) < A + 12. 
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1 Introduction 

Only simple graphs are considered in this paper. Let G be a graph with vertex set V{G) 
and edge set E(G). A proper edge k-coloring is a mapping c : E(G) — > {1, 2, . . . , k} such 
that any two adjacent edges receive different colors. The chromatic index x'{G) °f G is the 
smallest integer k such that G is edge fc-colorable. A proper edge /c-coloring c of G is called 
acyclic if there are no bichromatic cycles in G, i.e., the union of any two color classes induces 
a subgraph of G that is a forest. The acyclic chromatic index of G, denoted by a'(G), is the 
smallest integer k such that G is acyclically edge fc-colorable. 

Let A(G7) (A for short) denote the maximum degree of a graph G and g(G) denote the 
girth of G, i.e., the length of a shortest cycle in G. By Vizing's Theorem [23], A < x'(G) < 
A + 1. Thus, it is obvious that a'(G) > x'{G) > A. Fiamcik [8], and later Alon, Sudakov 
and Zaks [1], made independently the following conjecture: 

Conjecture 1 For any graph G, a'(G) < A + 2. 
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Using probabilistic method, Alon, McDiarmid and Reed [2] proved that a'(G) < 64 A 
for any graph G. Molloy and Reed [H] improved this bound to that a'(G) < 16A. Alon, 
Sudakov and Zaks [Tj proved that there is a constant c such that a'(G) < A + 2 for a 
graph G whenever g(G) > cAlogA. They also confirmed Conjecture [1] for almost all A- 
regular graphs. Nesetfil and Wormald [15] gave an improvement to this result by showing 
that a'(G) < A + 1 for a random A-regular graph G. The acyclic edge coloring of some 
special classes of graphs was also considered, including subcubic graphs [UHS], graphs with 
maximum degree 4 [12] , outerplanar graphs [TH [13] , series-parallel graphs [101 [21] , and planar 
graphs [TJ El [TO [EEl EH [22]. 

Suppose that G is a planar graph. Fiedorowicz et al. [6] proved that a'{G) < 2 A + 29 
and Hou et al. [10] proved that a'{G) < max{2A — 2, A + 22}. The currently best known 
upper bound on the acyclic chromatic index of a planar graph G is that a'(G) < A + 12 by 
Basavaraju et al. [5]. In this paper, we will improve this result by replacing 12 by 7. 

Before showing the main result, we need to introduce some definitions and notations. 

Given a graph G, let dciy) (or simply d{v )) denote the degree of a vertex v m. G. A 
vertex of degree k (at least k, at most k) is called a k-vertex (fc + -vertex, ^"-vertex). For 
k > 1, let nk{v) (nfc+(f), ^-(v)) denote the number of fc-vertices (fc + -vertices, ^"-vertices) 
adjacent to a vertex v in G. Let 5(G) denote the minimum degree of G. 

A plane graph is a particular drawing in the Euclidean plane of a certain planar graph. 
For a plane graph H, we denote its face set by F(H) and the degree of a face / G F(H) 
is denoted by dn{f) (or simply d(f)). Similarly, we can define a k-face, a k + -face, and a 
k~-face. Furthermore, for / G F(H), we use &(/) to denote the boundary walk of / and 
write / = [it 1W2 • • .u n ] if 111,112, ■ ■ ■ ,u n are the vertices on &(/) enumerated in some order, 
where it, may be identical to Uj for some i,j G {1, 2, . . . , n} when G contains cut vertices. 

2 A structural lemma 

In this section, we establish a structural lemma, which plays an important role in the proof 
of the main result in Section 3. 

Lemma 1 Let G be a 2- connected planar graph with A > 5. Then G contains one of the 
following configurations (A^-^^, as shown in Fig. 1: 
(Ai) A path uvw with d(v) = 2 and d(u) < 9. 

(A2) A vertex u with 112(1*) > 1 and n 8 -(u) > d(u) — 8. Suppose that iti,it2, . . . , Ud( u )-i, 
v are the neighbors of u such that d(u-\) > ^(1*2) > ■ ■ ■ > d(ud( u )-i) > d(v) = 2. Let w be the 
neighbor of v different from u. For 1 < % < d(u) — 1, if d{uj) = 2, then we use Xi to denote 
the neighbor of Ui different from u. Then at least one of the following cases holds: 
(A 2 .i) n s -(u) > d(u)-7; 

(A2.2) Tig- (u) = d{u) — 8, and n 2 (it) > d{u) — 9. 
(A3) A 3-vertex u is adjacent to a vertex v such that one of the following holds: 



(A 3 .i) d(v) < 8; 

(A 3 . 2 ) d(v) = 9 and uu 2 , vu 2 G E(G); 
(A 3 . 3) d(v) = 10, n 5 - (v) > 5 and uui, vui G E{G), i = 1,2. 
(A 4 ) Suppose that a vertex v is adjacent to u,v 2 ,--- ,VdM such that d(u) < d(v 2 ) < 
■ ■ ■ < d(vd( v ))- Then at least one of the following cases holds: 
(A4.1) d{y) = 4, 4 < d{u) < 7, and d{u) + d(v 2 ) < 17; 

(A4.2) d(v) = 5, 4 < d{u) < 6, and d{u) + d(u 2 ) + d(v 3 ) < 18, or d(u) = d(v 2 ) = 6, 
d(vi) = 7, i = 3, 4, 5 and w 5 G -E(G') . 




4<rf(«)<7 4<d(«)<6 d{u) = d{v 2 )=6 

d(u)+ rf(v 2 )<17 d(«)+rf(v 2 )+d(v 3 )<18 ° r rf(v f ) = 7,i = 3,4,5 

U 4J ) (4,) 

Fig. 1: Configurations (Ai)-(y4.4) in Lemma [TJ 



Remarks. In Fig. 1, vertices marked solid points have no edges of G incident to them other 
than those shown, whereas the other vertices have edges connected to other vertices of G 
not in the configuration. 

Proof. Assume to the contrary that G contains none of the configurations (A\)-(A±). Since 
G is 2-connected, it follows that 5(G) > 2. Let G' be the graph obtained by removing all 
the 2-vertices of G and if is a component of G' . Then if is a connected planar graph and 
for any vertex v G V(H), v is of degree at least 3 in G. 

In what follows, we assume that H is embedded in the plane. Let v G V(H). Then 
v G V(G). The degree of v in G is simply denoted by d(v), whereas the degree of v in H 
is denoted by dniy). For k > 1, let n' k (v) (n r k+ (v), n' k -{v)) denote the number of fc-vertices 
(A; + -vertices, ^"-vertices) adjacent to v in H, while n k {v) (n k +(v), n k -{y)) denote the number 



of /c-vertices (fc + -vertices, ^"-vertices) adjacent to v in G. The number of /c-vertices (k + - 
vertices) lying on the boundary of a face / G F(H) is denoted by rik(f) (n k +(f)). Similarly, 
let rrik(v) denote the number of fc-faces incident to v in H, and let 5(f) denote the minimum 
degree of vertices on b(f). 

Since G contains no (Ai), there is no 9~-vertex adjacent to a 2-vertex, i.e., if u is a 
vertex with 3 < d(u) < 9, then dn(u) = d(u). Similarly, if d(u) > 10 and n<2,(u) = 0, then 
dff(u) = d(u). Since G contains neither (A2.1) nor (A2.2), every 10 + -vertex u is adjacent to 
at most (d(u) — 9) 2-vertices, which implies that if d(u) > 10 and n 2 (u) > 1, then djj(u) > 9, 
dn(u) = d(u) — n2(u). 

Claim 1 Let u G V(H). 

(a) 5(H) > 3. 

(b) If du(u) < 8, then d(u) = d H (u). 

(c) n'^u) = rii(u) and n^- (u) = n2(u) + n' i _(u) = d(u) — dn(u) + n' i _ (u) for any 3 < i < 8. 
In particular, n' s _(u) = ^2 n[(u) = rii(u) = n 8 -(u) —U2(u). 

3<i<8 3<i<8 

Proof. It is easy to see that (c) holds trivially. To prove (a), assume that H contains a 
2~-vertex u. Then d(u) > 10, n 8 -(u) > n 2 (u) = d(u) — dn(u) > d(u) — 2 and hence (^2.1) 
is contained in G, a contradiction. 

To prove (b), assume that dn(u) < 8 and d(u) 7^ dn(u). It is easy to see that d(u) > 10, 
and n 2 (u) = d(u) — dn(u) > d(u) —dn(u) > d(u) —8, and hence (A 2 .i) or (A2.2) is contained 
in G, also a contradiction. □ 

Claim 2 If dn(u) = 9 and n' 8 _(u) > 1, t/ien = 9. In oi/ier words, ifn' s _(u) > 1, then 
d H (u) = d(u) < 9, or d H (u) > 10. 

Proof. If d(u) 7^ 9, then n 2 (u) = d(u) — 9, n 8 -(u) > n 2 (u) + n' s _(u) > n 2 (u) + 1 = 
d(u) — dn(u) + 1 = d(u) — 8 and hence (A2.2) is contained in G. □ 

Claim 3 If dn(u) > 10 and d(u) 7^ dn(u), then n s (u) + n4(w) + n 5 (u) < dn(u) — 8. 

Proof. Otherwise, assume that n 3 (u) + n A (u) + n 5 (u) > d H (u) — 7. Then, n 8 ~(u) > 
n 2 (u)+n 3 (u)+n4,(u)+n 5 (u) = d(u)-d H (u)+n 3 (u)+n4(u)+n 5 (u) > d(u)-d H (u)+d H (u)-7 = 
d(u) — 7 and hence (A 2 .i) is contained in G. □ 

Claim 4 If f = [uvw] with dn(v) = 3, then dn(u) > 10, du(w) > 10 and n 10 +(f) = 2. 

Proof. Since G contains neither nor (A 32 ), we have d(u) > 10 and d(w) > 10. 

Obviously, n' s _(u) > n' 3 (u) > 1 and n' s _(w) > n' 3 (w) > 1. Then, by Claim El dn(u) > 10, 
d H (w) > 10 and n 10 +(f) = 2. □ 

Claim 5 If 3 < d(u) < 8, then n' 1Q+ (u) = n w +(u). 



Proof. Note that dn(w) < d(w) for any w G V(H). Let v be a vertex of degree at least 10 
in G and uv G E(G). Since w G E(H), n' 8 -(v) > n 3 (v) > 1 and d H (v) > 10 by Claim [2] □ 

Claim 6 Let u be a 4-vertex. If n 7 -(u) > 1, then n' 10+ (u) = 3. Otherwise, n' 8+ (u) = 4. □ 

Proof. Since G contains neither (Ai) nor (A^.i), n 3 -(u) = 0. If n 7 -(u) > 1, then rii(u) > 1 
for some 4 < i < 7. Since G contains no (An), we have n n +(w) = 3 and n' w+ (u) = 3 by 
Claim O Otherwise, n s + (u) = 4 and n' 8+ (u) =4. □ 

Claim 7 Lei u be a 5-vertex with n±(u) > 1. Ifn 5 -(u) > 2, then n' 10+ (u) = 3. 

Proof. Since G contains neither (Ax) nor (A^.i), n 3 -(u) = 0. Since G contains no (A4.2), 

we have n w +(u) = 3 and n' 1Q+ (u) = 3 by Claim □ 

To derive a contradiction, we make use of the discharging method. First, by Euler's 

formula \V(H)\ - \E(H)\ + \F(H)\ = 2 and the relation J] d H {u) = J2 d (f) = 

ueV{H) feF(H) 

2\E(H)\, we can derive the following identity. 

(2d H (u)-6)+ W)-6) = -12. (1) 

ueV(H) feF(H) 

Next, we define an initial weight function w by w(u) = 2du{u) — 6 for u G V(H) 
and w(f) = d(f) — 6 for / G F(H). It follows from ([I]) that the total sum of weights is 
equal to —12. In what follows, we will define some discharging rules and redistribute weights 
accordingly. Once the discharging is finished, a new weight function w' is produced. However, 
the total sum of weights is kept fixed when the discharging is in process. Nevertheless, we 
can show that w'(x) > for all x G V(H) U F(H). This leads to the following obvious 
contradiction 

< Yl = Yl w ( x "> = ~ 12 < 

x£V(H)UF(H) xeV(H)UF(H) 

and hence demonstrates that no such counterexample can exist. 

A 3-face / is called bad if / is incident to a 3- vertex, i.e., 5(f) = 3. 

Let y be a vertex in H and / = [• • • xyz • ■ ■ ] be a face incident to x, y, z with &n(x) > 
djj(z). Let r(y — > f) denote the amount of weight transferred from y to f according to the 
following defined discharging rules: 

(Rl) d H (y) = 4. If n 7 - (y) = 0, then r(y /) = \. If n 7 - (y) = 1, then 



r(y /) 



5 • 
5 ' 



if < 7; 

if cfoO) > 8. 



(R2) dfi(y) = 5. If n^(y) > 1, then r(y —>•/) = |. Otherwise, n 4 (?/) = 0, we carry out the 
following subrules: 

• If 4 < d(f) < 5 and d H (z) < 8, then r(y ->■ /) = | 

• If = 3, or 4 < < 5 and > 9, then 



r{y ->■ /) 



/ 7 

5' 


if du(x) 


= = 5; 




6 
5' 


if dnyx) 


= o and dH{z) 


= 5; 


14 


if g?h(x 


= 7 and dn(z) 


= 5 


1, 


if dff(x) 


= 8 and dn(z) 


= 5; 


1 T 
1 1 

12 


if g^(x 


> 9 and dn(z) 


= 5 


1, 


if dn{x) 


= d H (z) = 6; 




a 

\ - 

7' 


if dn{x) 


= 7 and dn(z) 


= 6; 


Q 
O 

4' 


if dn{x) 


= 8 and du(z) 


= 6; 


2 

3' 


it dn\x) 


> 9 and d^(z) 


= 6; 


5 

7> 


if dn{x) 


= d H (z) = 7; 
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14 


if g?h(^ 


) > 8 and d H (2) 


= 7 


1 

2' 


if tZjy(^) 


= 8; 




1 

^ 3' 


if ^(z) > 9. 





(R3) d H (y) = k and 6 < k < 9. Then 



2A; - 6 
k 



( 4 

3' 


if fc 


= 9; 


5 
4' 


if k 


= 8; 


8 
7' 


iik 


= 7; 


u 


if fc 


= 6. 



(R4) d H {y) > 10. If 4 < d(f) < 5, or d(f) = 3 and d H (z) > 6, then r(y -> /) 
Otherwise, / = [2^/2] with dn(z) < 5. Then 



1. 



f 3 

2' 


if d H ( 


z) 


7 

5' 


if d H ( 


z) 


5 

4' 


if <M 


z) 


< - 

10 


if d H 


(z 


5 

4' 


if c^i? 


(z 


7 

5' 


if d H ( 


x) 


4 

I 3' 


if d H { 


z) 



4 and n 7 - (z) = 1; 
4 and 717- (2) = 0; 
r(y -> /) = ^ ii, if d^(z) = 5, 714(3) > 1, and d H (x) > 10; 

= 5, 714(3) > 1, and 6 < du(x) < 9; 
dn(z) = 5 and 714(3) > 1 or n 4 (x) > 1; 
5, 714(3) = and 714(2;) = if dn(x) = 5. 

It remains to inspect that w'(x) > for all x e V(H) U F(H). Let / e F(H). We 
consider several cases as follows: 



6 = —3. We have some subcases, depending on the 



Case 1. d(f) = 3. 

Let / = [mm;]. Then w(f) = d(f) 
size of 6(f). 

(1.1) Assume that 6(f) = 3. Then n 10 +(f) = 2 by Claim[4]and (R4), each 10 + -vertex 
in b(f) gives § to /. Hence, w'(f) = -3 + 2 x § = 0. 

(1.2) Assume that 6(f) = 4 with dn(v) = 4 and dn(u) > dn(w). If n 7 -(v) = 1, 
then du(u) > 10 by Claim [6] du(w) > 6, or 4 < du(w) < 5 and n^(w) > 1. Then, w 
sends ~ to / by (R4) and u> sends at least | to / by (Rl), (R2), (R3) or (R4). Hence, 



w '(f) > — 3 + 2 x I + I = 0. If n 7 - (v) = 0, then cIh{u), dn(w) > 8. Then, each of u, w sends 
f to / by (R3) and (R4) and v sends § to / by (Rl). Hence, w'{f) >-3 + 2x§ + ± = 0. 

(1.3) Assume that 5(f) = 5 with dff(v) = 5 and dn(u) > d H (w). We further have three 
possibilities: 

• n s(f) — 3. Since G contains none of (Al), (A3.1) and (AA.2), n 4 (u) = n 4 (v) = 
n 4 (w) = and each vertex in b(f) sends | to / by (R2). Thus, w'(f) > — 3 + 3 x | = |. 

• n §(f) — 2 and dn(w) = 5. 

If n 4 (v) = 1 or n±(w) = 1, then d(u) > 10 since G contains no (AA.2) and dfj(u) > 10 
by Claim [21 Hence, each of v and w sends | or || to / by (R2), u sends | to / by (R4) 
and therefore w'(f) > — 3 + 2 x | + | = 0. Otherwise, n 4 (-w) = n 4 (w) = 0. By (R2), 
(R3) or (R4), if = 6, then w'(f) > -3 + (2 x f + 1) = § ; if = 7, then 

> -3 + (2 x if + f ) = 0; if d^(w) = 8, then w'{f) > -3 + (2 X 1 + §) = \; if d H {u) > 9, 
then > -3 + (2 x § + f ) = |. 

• n 5(f) — 1 an d dn(u) > dff(w) > 6. 

If n 4 (f ) = 1, then v sends g to / by (R2). If dn(w) = 6, then d(u) > 9 and dn{u) > 9 
since G contains no (A4.2). Thus, w sends 1 to / and u sends | to / by (R3) or u sends | to / 
by (R4). Hence, w'{f) > -3 + min{| + l + |, | + 1 + = i Otherwise, d H (u) > d H (w) > 7 
and each of w and m sends at least ^ by (R3) or (R4). Hence, w'(f) > — 3 + | + 2x^ = 0. 
Now assume that n 4 (t>) = 0. By (R2), (R3) or (R4), if d H {u) = dn{w) = 6, then w'(f) > 
-3 + (1 + 2 x 1) = 0; if d H {u) = 7 and d H (w) = 6, then w'(f) > -3 + (f + 1 + f ) = 0; if 
d H (u) = 8 and d H (w) = 6, then w'(f) > -3 + (| + 1 + |) = 0; if d H (u) > 9 and d H (w) = 6, 
then w'(f) > -3 + (f + l + |) = 0; if d„{u) = d„(w) = 7, then w'(f) > -3 + (f + 2xf) = 0; if 
d H (u) > 8 and d H {w) = 7, then w'{f) > -3 + + f + |) = i; if d H {u) > 8 and d H {w) = 8, 
then w'(f) >-3 + (i + 2xf) = 0; if d ff (u) > > 9, then w'(f) > -3 + (| + 2 x |) = 0. 

(1.4) Assume that > 6. Then each vertex in b(f) sends at least 1 to / by (R3) or 
(R4). Hence, w'(f) > -3 + 3 x 1 = 0. 

Case 2. d(f) = 4. 

Let / = [uvst]. Then w(f) = d{f) - 6 = -2. If n 6 +{f) > 2, then by (R3) or (R4), each 
6 + -vertex in b(f) gives at least 1 to /. Hence, w'(f) > —2 + 2x1 = 0. Now we assume 
that n 6 +(/) < 1. Note that if 5(f) = 3, then n 9 +(f) > 2 and if there is a 4- vertex v in b(f) 
with n 7 -(v) = 0, then n 8 +(f) > 2. Thus it suffice to suppose that 5(f) > 5, or 5(f) = 4 
and each 4-vertex v in b(f) having n 7 -(v) = 1. Assume that 5(f) = 4 with du(v) = 4 and 
di{(u) < 5 < 10 < dn(s). It is easy to see that n 4 (w) > 1. By (Rl), (R2) and (R4), v sends 
| to /, u sends | to /, and s sends 1 to /. Hence, w'(f) > — 2 + l + 2x| = |. Assume 
that 5(f) = 5 with d(u) = d(v) = d(s) = 5 and d H (t) > 5. By (R2), (R3) or (R4), each of 
u, v, s, t gives at least \ to / and w'(f) > — 2 + 4 x | = 0. 

Case 3. d(f) = 5. 

We see that w(f) = d(f) - 6 = -1. If n 6 +(f) > 1, then by (R3) or (R4), each 6+-vertex 
in b(f) gives at least 1 to /. Hence, w'(f) = —1 + 1x1 = 0. So assume that n G +(f) = 0. 



This implies that 5(f) > 5 and n§(f) = 5. Then by (R2), each vertices in b(f) gives at least 
\ to / and w'(f) > -1 + 5 X \ = §. 

Case 4. > 6. 

It is obvious that w(f) = d(f) — 6 > 0. 

Let v G V(if). By Claim [TJ we may assume that du(v) > 3. 

If d H (v) = 3, then w(v) = 2d H (v) -6 = 0. 

Assume that djj(v) = 4, then w(v) = 2du(v) — 6 = 2. If n 7 - (v) = 1, then w'(v) > 
2-2xf-2x± = 0by (Rl). Otherwise, n 7 -(v) = and w'(v) >2-4x± = 0. 

Assume that dn(v) = 5, then w(y) = 2dn(v) — 6 = 4. If n 4 (t>) > 1, then w'(v) > 
4 — 5x| = 0by (R2). Otherwise, n A (v) = 0. Let Wi,w 2 , . . . ,w 5 be the neighbors of v in a 
cyclic order. We need to consider three subcases: 

Case 1. n$(v) > 1 with dn(w\) = 5. 

Since G contains no (A4.2), ne(v) < 2. This leads to the following three possibilities: 

(1.1) If n 5 (v) = 2, then n 9 +(v) = 3 and n' g+ (v) = 3 as G contains no (A i2 ). By 
symmetry, we may assume that d H (w 2 ) = 5 or d H (w 3 ) = 5. Thus, by (R2), w'(f) > 
4 - max{(| + 2xil + 2x|),(4xii + i)}=4 - max{3^, 4} = 0. 

(1.2) If n 5 (v) = n 6 (v) = 1, then n 8 +(v) = 3 and n' 8+ (v) = 3 as G contains no (A 4 _ 2 ). 
By symmetry, we may assume that dn(w 2 ) = 6 or d H (w 3 ) = 6. Thus, by (R2), w'(f) > 
4 - max{(§ + l + f + 2xi),(2xl + 2x| + i)} = 4- max{3f , 4} = 0. 

(1.3) Assume that n 5 (v) = 1 and n 7 +(v) = 4. If d H (w 2 ) = d H (w 5 ) = 7, then by (R2), 
w'(f) > 4 - (2 x i| + 3 x |) = 0. If one of w 2 and w 5 is of degree 7 in H, then by (R2), 
w'(f) >4-(|| + l + 2xf + ^) = 0. Otherwise, mm{d H (w 2 ), d H (w 5 )} > 8, then by (R2), 
w'(/)>4-(2xl + 2x^ + f) = 0. 

Case 2. n^(v) = and uq(v) > 1 with dn(wi) = 6. 

Since G contains no (A4.2), ne(v) < 2. If uq(v) = 1 and n 7 +(v) = 4, then by (R2), 
w'(f) >4 — (2x| + 3x|) = |. Otherwise, n 6 (v) = 2 and n 7 +(v) = 3. Since G contains 
no (v4 42 ), n 8 +(v) > 1, or n 7 (v) = 3 with uv 5 ^ E(H) and dn(w 2 ) = 6 or <i//(iy 3 ) = 6. If 
n 7 (v ) = 3, then by (R2), v sends at most \ to the face whose boundary contains W5, v, w\. It 
foUows that w'(f) >4-(f+l+f+2xf) = f^ii d H (w 2 ) = 6, or w'(f) >4-(|+3xf + f) = j\ 
if dn(w3) = 6. Otherwise, ns+(v) > 1 and we need to consider the following subcases by 
symmetry. 

• If d H (w 2 ) = 6 and d H (w 3 ) > 8, then by (R2), w'(f) >4-(l + f + f + f + £) = i 

• If d H (w 2 ) = 6 and d H (w 4 ) > 8, then by (R2), w'(f) >4-(l + 2xf + 2x^) = 0. 

• If d H (w 3 ) = 6 and d H (w 2 ) > 8, then by (R2), w'(f) >4-(2xf + 2x| + f) = ^. 

• If d H (w 3 ) = 6 and d H (w A ) > 8, then by (R2), w'(f) >4-(3xf + f + ^) = ^. 

Case 3. n 5 (v) = n 6 (v) = and n 7+ (v) = 5. Then, by (R2), w'(f) >4-5x| = |. 
If 6 < d H (v) < 9, then by (R3), w'(f) = 2d H (v) - 6 - d H (v) x = 0. 

Ud H (v) > 12, then by (R4), w'(f) > 2d H (v)-6-d H (v)xZ = \d H (v)-Q > |xl2-6 = 0. 



Assume that dn(v) = 10, then w(f) = 2dn(v) — 6 = 14. Let t the number of faces 
/ incident to v with d(f) > 4, or d(f) = 3 and 6(f) > 6. If t > 2, then by (R4), 
«>'(/) > 14 - 8 x | - 2 x 1 = 0. Otherwise, t < 1. Note that if n 5 -(«) < 4, then 
t > 2. Recall that if 7^ 10, then ns-(u) < 2 < 4 by Claim |3j Hence, it suffice to assume 
that d(v) = 10 with t> 1; i> 2 , . . . , v w as the neighbors of v in a clockwise order, n 5 - (v) > 5 and 
m4+(v) < t < 1. If f is not incident to a bad 3-face, then w'(f) = 14 — 10 x | = by (R4). 
Otherwise, 77,3(7;) > 1 and v is incident to some bad 3-faces. Since G contains no (A3.3), there 
is no 3-vertex w such that the faces f±, f 2 which is incident to v, w, are both 3-faces. By the 
previous discussion, we may assume that ds(vi) = 3, V\V 2 G E(H), f w = [■ ■ -Vi Wi ■ ■ ■] is 
a 4 + -face and the other faces incident to v are all of degree 3. Let m' 3 (v) be the number of 
bad 3-faces incident to v. Clearly, 1 < m' 3 (v) < 2, and m' 3 (v) = 2 if and only if dn{vio) = 3. 
If m ' 3 (v) = 2, then w'(f) > 14 - (2 x § + 1 + 7 x |) = § by (R4). Otherwise, m£(u) = 1 and 
hence w'(f) > 14 - (1 x § + 1 + 8 x |) = ^. 

Finally assume that djj(v) = 11, then = 2dn{v) — 6 = 16. If < 3, then the 

number of bad 3-faces incident to v is at most 6. Hence, by (R4), w'(f) > 16— 6x | — 5x | = 0. 
Note that if d(v) 7^ 11, then n 3 (v) < n 5 -(v) < 3 by Claim[3j Now we assume that d(v) = 11 
with wi, W2, ■ ■ ■ ,wu as the neighbors of v in a clockwise order, n 3 (v) > 4 and v is incident 
to at least 7 bad 3-faces. If v is incident to a 4 + -face, or to a 3-face / with 5(f) > 6, then 
w'(f) = 16 — 10 x I — 1 = 0. Otherwise, m 3 (v) = 11 and 5(f) < 5 for each / incident to v, 
i.e., for 1 < % < 11 (where W12 = Wi), min{di/(tUi), < 5. 

Note that if minldij^), ^(wj+i)} = 3, then max{<i^(wj), <i^(wj + i)} > 10 by Claim |4] 
for each 1 < i < 11 (where W12 = u>i). Thus, ^3(1;) < 5. If n 3 (v) = 5, then we may assume 
that dn(wi) = 3 for i = 3,5,7,9,11 and dn(wj) > 10 for j = 1,2,4,6,8,10. Obviously, 
fx = [W1VW2] is of degree 3 with 5(f) > 10, a contradiction. Otherwise, 77.3(f) = 4. Further, 
for 1 < i < 11 (where w i2 = tfi 3 = w 2 , Wu = w 3 ), if d H (wi) = d H (w i+3 ) = 3, 
then dn(wi + i) > 10, dn(wi +2 ) > 10 by Claim H] and f + i = [wi + iv Wi +2 ] is of degree 3 with 
5(fi + \) > 10, a contradiction. Hence, it suffice to assume that dn(wt) = 3 for i — 4, 6, 8, 10; 
dn(wj) > 10 for j = 3, 5, 7, 9, 11 and 4 < djf(wi), dn(w 2 ) < 5. 

Since G contains no (An), there is no 4-vertex adjacent to a 4-vertex and 11- vertex at 
the same time and max{djf(wi), dH(w 2 )} = 5. Without loss of generality, assume that 
dff(wi) = 5. If dn(w 2 ) = 4, then n^(wi) > 1 and 77 7 -(?i;2) = 1- By (R4), w'(f) = 
16 — 8x| — 2x| — |i = i. Otherwise, d H (w 2 ) = 5. If 77-4(7^1) > 1 and 77 4 (u! 2 ) > 1, 
then By (R4), w'(f) = 16-8x|-2xg-J = §. If n^) = 774(7772) = 0, then By (R4), 
«;'(/) = i6-8x|-3x| = 0. Otherwise, by (R4), w'(f) = 16-8x|-|-|-li = |. □ 

3 Acyclic chromatic indices 

In this section, we discuss the acyclic chromatic indices of planar graphs. The proof of the 
main result requires the following lemmas. 

Lemma 2 (|12]) If G is a graph with A < A, then a'(G) < 7. 



Assume that c is a partial acyclic edge fc-coloring of a graph G using the color set 
C — {1,2, ... , k}. For a vertex v £ V(G), we use C(v) to denote the set of colors assigned 
to edges incident to v under c. If the edges of a cycle are alternatively colored with colors i 
and j, then we call such cycle an (i, j)- cycle. If the edges of a path ux . . . v are alternatively 
colored with colors i and j, then we call such path an (i, j)( U)V )~path. 

Lemma 3 If P = uviv 2 ■ ■ ■ v^Vk+i is an (i,j)( u ,v h +1 )-path in G with c(uv\) = i, j £" C(u) 
and w £" V(P), then there is no (i, j)( u ,w)-P a th in G. 

Proof. Otherwise, assume that there is an (i, j)( U)U ,)-path Q = uwiw 2 ■ ■ ■ w m in G, where 
w = w m and m > 1. Note that some to; may be identical to some Vj, 1 < i < k + 1 and 
1 < j < m — 1. Since j ^ and u> £" V^(P), it is easy to see that there exist a vertex Vi 
and some vertex Wi such that ViV i+ i and have same color i or j, which contradicts the 
fact that the edge coloring considered is proper. □ 

Theorem 1 If G is a planar graph, then a'(G) < A + 7. 

Proof. The proof is proceeded by induction on the edge number \E(G)\. If |i£((jr)| < A + 7, 
then G is obviously acyclically edge (A + 7)-colorable. Assume that G is a planar graph with 
\E(G)\ > A + 8. If A < 4, then a'(G) < A + 3 by Lemma [2 Thus, we may assume that 
A > 5 and G is 2-connected. By Lemma G contains one of the configurations (Ai)-(A^). 
In the following, we deal with each of the configurations (Al)-(Ai). 

(Ai) There is a path uvw such that d(v) = 2 and d(u) < 9. 

Let v, U\, U2, ■ ■ ■ , Ud( u )-\ be the neighbors of u and let H = G — uv. Then if is a planar 
graph and A(H) > A — 1 > 4. By the induction assumption or Lemma HJ H has an acyclic 
edge (A + 7)-coloring c using the color set C = {1, 2, . . . , A + 7}. 

If c(vw) ^ C(u), then we color uv with a color in C\(C(u) UC(v)). Otherwise, c(vw) £ 
C(u) and assume that c(vw) = c{uui) = 1, c(uui) = i, i = 2, 3, . . . , d(u) — l. If H contains no 
(1, a)( toiU1 )-path for some color a £ C\(C(u) UC(v)), we color uv with a. Otherwise, assume 
that H contains a (1, i)( UI)Ul )-path for any i £ C\(C(u) U C{y)). This implies that d{u) = 9 
and CO) = C(ui) = (C\C(v)) U {1} = C\{2, 3, 4, 5, 6, 7, 8}. First, we recolor vw with 2. 
Similarly to the previous argument, we may assume that H contains a (2, i)( U2jW )-path for 
any i £ C\(C(rt) UC(v)) and C{u 2 ) = C\{1, 3, 4, 5, 6, 7, 8}. So we switch the colors of uu\ 
and UU2, then color uv with 9. Clearly, no bichromatic cycles are produced in G under the 
constructed coloring by the previous assumption. 

(A 2 ) There is a vertex u with n 2 (u) > 1 and n 8 -(u) > d(u) — 8. Suppose that Ui,u 2 , ■ ■ ■ , 
Wd(u)-i) v are the neighbors of u such that d(ui) > d(u 2 ) > ■ ■ ■ > d(w<i( w )-i) > = 2. 
Let u> be the neighbor of v different from u. For 1 < % < d(u) — 1, if d(ui) = 2, then we 
use Xi to denote the neighbor of U{ different from u. Then at least one of the configurations 
{A 2A )-(A 2 , 2 ) holds. 



Without loss of generality, assume that c(uui) = i for 1 < i < d(u) — 1 and let Si- = 
{c(uuj)\d(uj) < i}. Since d(u) < A, \C\C(u)\ > 8. If c(vw) £ C(u), then we color uv 
with a color in C\(C(u) UC(v)). Otherwise, assume that c(vw) £ C(u) and H contains a 
(c(vw), i)( UiU) )-path for any i £ C\C(u), (C\C(u)) C If c(t>u>) = c(uui) £ Sg-, we 

color -uf with a color in (C\C (u))\C (ui) . Otherwise, c(vw) £ C(u)\S 8 -. Further, we may 
assume that S 8 - C C{w). Otherwise, we recolor vw with a color in (S , 8 -)\C(t(7) and reduce 
the proof to the case in which c(vw) £ S 8 -. So we assume that: 

(* 2 .i) c(vw) £ C{u)\S 8 - and S 8 - U (C\C(u)) C C(iu)\{c(u«;)}. 

(A 2 .i) n 8 -(«) > - 7. 

By (* 2 .i), (C\{c(mmi), c(uu 2 ), ■■■ , c(«« 7 )}) C C(w)\{c(mu)} and d(w) = \C(w)\ > A+l. 

(A2.2) ^8-( M ) — — 8) an d ^(w) > d(u) — 9. 

Without loss of generality, we assume that d(ug) = 8. By (* 2 .i), we assume that d(ui) > 
9, % = 1,2, ••• ,8, c(vw) = 1 and C(w) = C\{2, 3, . . . , 8}. Further, we assume that H 
contains a (1, i)( uiit „)-path for any i G C\C(u). If if contains no (i, j'W^-path for some 
j G C\C(u) and some 2 G {2, 3, • • • , 8}, we recolor vw with i and color uv with j. Otherwise, 
we may assume that: 

(♦2.2) For any i G {1, 2, • • • ,8} and j £ C\C(u), H contains an (i, j)^. ;U) )-path and (C\C(w)) C 
C(«i). 

Assume that if contains no (i, 9)( UiiW )-path for some color i £ {1, 2, . . . , 8}. Let C(-Ug) = 
{9, ai, a 2 , . . . , 07}. If {ai, a 2 , . . . , a 7 } n S2 = 0, then we recolor «w g with a color in C\(C(u) U 
C(ug)). Otherwise, assume that {ai, a 2 , . . . , a 7 } f] S 2 ^ $. Let / = G {10, . . . , rf(-u) — 1} 
such that c{uui) £ {a\, a 2 , . . . , ai}}. Then we recolor uu$ with a color in C\(C(u) U C(ug) U 
{C(tij)|i G /}), t>u> with i if i 7^ 1 and color uv with 9. So we may assume that: 

(* 2 .3) H contains a (i, 9)( Ui)tu )-path for any i £ {1,2, ... , 8}. 

Assume that H contains no (i, j)( UiiU ,)-path for some i G {1,2, ...,8} and some j = 
c(uuj) £ S 2 . Let C(uj) = {j,a}. If a £ S 2 U {9}, we recolor ww, with a color in C\(C(u) U 
C(-Uj)); If a = {c(-u-u fc )} G S' 2 U{9}, we recolor -u-u^ with a color in C\(C(ti)UC(uj)UC(ujt)). 
Recolor vw with i if i ^ 1 and color wt> with j. So we may assume that: 

(* 2 4 ) H contains an (i, j)( u . w )-path for any i £ {1, 2, . . . , 8} and any j £ S 2 . 

By (*2.2), (*2.3), and (* 2 a), we may assume that: 

(* 2 5 ) For any j £ C\{1, 2, . . . , 8}, H contains an (i, j)( Uii?i ,)-path, and C(ui)\ {i} = C(w) 
\{c(vw)} = C\ {1,2,..., 8}, t = 1,2,..., 8. 

Claim 8 There exist io,jo £ {1, 2, . . . , 8} such that H contains neither an (io, 9)( UjQtUg ypath 
nor a (jo,9)(u iQ ,u 9 )-path. 



Proof. Since d(u 9 ) = 8, {1, 2, . . . , 8}\C(ttg) ^ 0. Assume that 1 ^ C(ug). If if contains 
no (2,9)( ttl)tt9 )-path, {i ,jo} = {1,2}. If H contains no (3, 9) (t(1)U9 )-path, {i ,jo} = {1,3}. 
Otherwise, H contains a (2, 9)( UliUg )-path and a (3, 9)( Ul)Ug )-path. It follows that H contains 
neither a (2, 9) (n3iU9 )-path nor a (3, 9) (u2ing) -path, thus {i ,j } = {2, 3}. □ 
By symmetry, assume that {io,ja} = {1,2}. We switch the colors of uu\ and uu 2 . If no 
bichromatic cycles are produced, we color uv with some color in C\C(u) and we are done. 
Otherwise, by the previous assumption, it is easy to conclude that the bichromatic cycle in 
G must be a (1, z)( U2iUi ) -cycle or a (2, j)( UljUj )-cycle for some i, j G 5*2. Let 

T\ = {ui\ G contains a (1, z)( U2jUi )-cycle}, 

T 2 = {ui\ G contains a (2, z)( Ul)Ui) -cycle}. 

If \T\\ > 2k, k > 1, assuming that Ui 1} Ui 2 G 7\, then we switch the colors of uu^ 
and uui 2 , so that G contains neither (1, zi)( U2)Uii ) -cycle nor (1, z 2 )( U2)Ui2 )-cycle, and no other 
new bichromatic cycles are produced. Since min{|Ti|, |T 2 |} > 1, we assume that |Ti| = 1, 
\T 2 \ < 1. Without loss of generality, assume that u w G T\, c(u w xi ) = 1, and 10 G C(x w ). 

Since d(x 10 ) < A, (C\{2})\C(x w ) ^ 0, assume that p G (C\{2})\C(x 10 ) and recolor 
Mioxio with p. If p G (C\C(u)) U {3, 4,..., 8}, then let ^ = 5 2 and C"(m) = C(w). If 
p = c{uui) G S , 2 U{9}, recolor uu w with a color j 1 G (C\C(M))\C(Mj) and let S"^ = (5 , 2 \{10})U 
{ji}, C"(w) = (C(u)\{10» U {ji}. If |T 2 | = 0, then we color uv with 10. Otherwise, 
|T 2 | = 1, Mil G T 2 and c(tiuin) = 11. Since d(xn) < A, (C\{l})\C(xn) ^ 0, assume 
that q G (C\{l})\C(x 5 ) and recolor Uui u with q. If g G (C\C"(m)) U {3, 4, . . . , 8}, then let 
C"(u) = C'(u). If q = c(uui) G S' 2 U {9}, we recolor wu ia with a color j 2 G (C\C"(w))\C(wj) 
and C"{u) = (C (u)\{ll}) U {^2}- Then, we color uv with a color in C\C"{u). 

(A3) There is a 3-vertex w adjacent to a vertex t> such that one of (^43.i)-(^43.3) holds: 

Let Vi,v 2 , ■ ■ ■ ,Vd( v ) be the neighbors of v, where v 8 = u 2 in (A 32 ), (t> 8 = u\, v 9 = u 2 in 

(A3.3)) and Vd( v ) = u. Let H = G — uv. Then is a planar graph and A(iJ) > A — 1 > 4. 

By the induction assumption or Lemma El H has an acyclic edge (A + 7)-coloring c using 

the color set C = {1, 2, . . . , A + 7}. Note that \C\C(v)\ > 8. If C(u) n C(v) = 0, then color 

uv with a color in C\(C(u)UC(v)). Otherwise, C(u)nC(v) ^ 0, i.e., 1 < \C(u)nC(v)\ < 2 

and c{uui) = i, i = 1, 2. 

If, for any z G C{u) R C(f ), if contains no (i, j)( u>t) )-path for some j G C\(C(u) U C(v)), 

then we can color uv with j. Otherwise, we assume that: 

(*3.i) For any j G C\(C(u) U C(v)), H contains an (i, j)( Mj? ,)-path for some z G C(m) fl C{y ). 
Next we need to consider the following two subcases. 

(i) \C(u)nC(v)\ = i. 

(A3.1) d(v)<8. 

Assume that C{v) = {1, 2, ... , d(v)}\{2}, and c{uui) = c{vv\) = 1. By (*3.i), d{v ) = 8, 
C{u\) = C{vi) = C\{2, 3, . . . , 8}. We recolor uu± with 3, vv\ with 2, and color uv with 1. 
Clearly, no bichromatic cycles are produced in G under the constructed coloring. 



(A3.2) d(v) = 9 and uu 2 , vu 2 G E(G). 

(3.2.1) C(v) = {l,2,...,d(v)}\{2}. 

Assume that c(vu 2 ) = 1. By (* 3>1 ), d(w 2 ) = A, C(v)UC(u 2 ) = C, C(v)nC(u 2 ) = and 
C(u 2 )\{2} C C(mi). Since rf(tti) < A, there exists a\ G C(w)\C(ui). We recolor uu 2 with 
ai and color uv with 2. 

Assume that c{vvi) — i, i G {1, 2, . . . , 7}\{2}, and c{vu 2 ) = 8, c(vi^) = 9. By (*3.i), 
C\(2, 3, . . . , 9) C C(w x ). Since d( Ul ) < A, |{2,3,...,9}nC(%)| < 1. If 8 £ C(«i), we 
recolor mti with 8 and no bichromatic cycle is produced since 2 ^ then the proof is 

similar to the case c{vu 2 ) = c{uu\) = 1. Otherwise, C(u\) = (C\(C(u) U C(v))) U {1,8}. 
If there exists a 2 G (C\(C(tt) U C(v)))\C(u 2 ), we recolor wu 2 with a 2 and color -ut> with 2. 
Otherwise, C(it 2 ) = (C\(C(u) U C(u))) U {2,8}. Then, we recolor uu 2 with 1, uu\ with 3 
and color uv with 2. 

(3.2.2) C{v) = {l,2,...,d{v)}\{\}. 

Assume that c(vvi) = i, i G {1, 2, . . . , 7}\{1}, and c{yu 2 ) = 8, c(otj) = 9. By (*3.i), 
d(u 2 ) = A, C{v) U C(w 2 ) = C, C(v) PI C(m 2 ) = 0. Then, we recolor with a color in 
<7\(C(ui) U {2,8}) and color uv with 1. 

(A 33 ) d(v) = 10, 71$- (v) > 5 and uui,vui,uu 2 ,vu 2 G E{G). 

Without loss of generality assume that C{v) = {1, 2, . . . , d(v)}\{2} and c(wj) = i, 
i G {3,4,..., 7}, c(vu x ) = 8, c(vv 2 ) = 10. 

(3.3.1) c(vu 2 ) = 1 and c(vv x ) = 9. 

By (* 3 .i), (C\(C(u)UC(v))) C C( Ml )nC(u 2 ). Since <2(«i),d(u 2 ) < A, |{3,4,..., 
7,9,10}n C(ui)| < 1, and |{3, 4, . . . , 7, 9, 10}f1 C(w 2 )| < 1. Thus, there exists a 3 G 
{3, 4, . . . , 7, 9, 10}\ (C(«i) UC(w 2 )). Then, we recolor uu 2 with a 3 and color with 2. 

(3.3.2) c(w 2 ) = 9 and c(wi) = 1. 

By (* 3 .i), (C\(C(u) U C7(u))) C n C(vi). If 9 £ we recolor Ul u with 9 

and the proof is similar to (3.3.1). Otherwise, 9 G C(u\). Since d(u\) < A, d{u\) = A, 
and C(ui) = (C\(C(u) U U {1,8,9}. Obviously, 2 £ C(wi). If there exists a 4 G 

(C\C(u) U C(u))\C(u 2 ), recolor mt 2 with a 4 and color uv with 2. By (*3.i) and Lemma [3j 
no bichromatic cycles are produced. Otherwise, (C\C(u) U C(v)) C C(w 2 ) and there exists 
as G {3, 4, ... , 7, 10}\C(w 2 ). Then, we recolor itw 2 with a 5 and color with 2. 

(ii) |c(it)nc(v)| =2. 

If there exists a 6 G C\(C(u) UC(v)U C(u% )) for some io G {1,2}, then we recolor uui 
with a6 and reduce the proof to the Case I. Otherwise, we assume that: 

(* 3 . 2 ) For each i G {1, 2}, C\(C(u) U C(v) U C{m)) = 0, i.e., (C(u) U C(v) U C{ Ul )) = C. 

Note that in (A 3A ) and (A3.2), C\(C , (u)UC(t;)UC(u 2 )) ^ 0. So we assume that d(v) = 10, 
^5-(v) > 5 and uui,vui G E(G), i = 1,2. Further, assume that C(u) = {1,2,..., 9} and 
c(wi) = i, i = {1,2,...,9}\{2,8}. 

• c(vui) = 8, c(ff 2 ) = 2. 



By (* 3 . 2 ), d{ Ui ) = A, i = 1,2 and C(ui) = (C\ {1,2,..., 9})U {1,8}, C{u 2 ) = 
(C\{1, 2, . . . , 9}) U {2,9}. Since n 5 -(v) > 5, there exists j = c(vVj),k = c{yvu) and 
d(vj),d(vk) < 5. Without loss of generality, assume that j = 1 and k = 2 (Other- 
wise, we can recolor uu\ with j, mm 2 with if {j,k} ^ {1,2} and the proof is similar. 
Clearly, no bichromatic cycles are produced and C(u) C(v) = {j,k}.) By (*3.i), for any 
j G C\(C(u) UC(v )), H contains an (z,j)( U) „)-path for some color % G {1, 2}. Hence, A = 10, 
C{u x ) = {1, 10, 11, 12, 13} and C(u 2 ) = {2, 14, 15, 16, 17}. Then, switch the colors of uu x 
and uu 2 , and color uv with 10. By (*3.i) and Lemma [31 no bichromatic cycles are produced. 

• c(vui) = 2, c(vv 2 ) = 8. 

By (* 3 . 2 ), d( Ui ) = A, i = 1,2 and C{u x ) = (C\ {1,2,..., 9}) U {1,2}, C{u 2 ) = 
(C\{1, 2, . . . , 9})U{2, 9}. We recolor uu 2 with 8 and the proof is similar to the case c(vu x ) = 8 
and c{uu 2 ) = 2. 

(A 4 ) There is a vertex v adjacent to u,v 2 , . . . ,Vd( v ) with d(u) < d(v 2 ) < . . . < d{vd( v )) such 
that one of (Ai.i)-(At. 2 ) holds. 

Let Mi, u 2 , . . . , Ud(u)-i 7^ v be the other neighbors of u. Let H = G — uv. Then if is a 
planar graph and A (if) > A — 1 > 4. By the induction assumption or Lemma [2} H has an 
acyclic edge (A + 7)-coloring c using the color set C = {1, 2, . . . , A + 7} with c(uUi) = i, 
i = l,2,...,w d(u) _i. Note that \C\C(u)\ > 8, \C(v)\ < d{y) < 5 and C\(C(u) U C{v)) ^ 

0. If C(u) nC(«) = 0, then we color uv with a color in C\(C(ii) U C(v)). Otherwise, 
C{u) n ^ 0. 

If, for any i G (7(u) D C(u), if contains no (i, 7)( U) „)-path for some j G C\(C( , u) UC(d)), 
then we can color ut; with j. Otherwise, we assume that: 

(*4.i) For any j G C\(C(u) U C(v)), H contains an (z, j)( Mjl) )-path for some i G C(u) PI C(v). 
Next we need to consider the following four subcases. 

Case 1 \C(u) n C(v)| = 1 and 1 = c{uu x ) G C(v). 

By (*4.i), we only need to consider two cases: (i) d(u) = 7, d(v) = 4 and C(v) = {1, 7, 8} 
with c(wi) = 1, Wi,w 2 G {vi,v 2 ,v 3 }; (ii) d(u) = 6, <i(t>) = 5 and C{v) = {1,6,7,8} with 
c{wi) = 1, Wi,w 2 ,w 3 G {v x , v 2 , v 3 , V4}. By (*4.i), we can assume that C(u x ) = C{wi) = 
(C\{1, 2, . . . , 8}) U {1}. Then, we recolor uu\ with 7, vw\ with 2 and color uv with 1. Since 
7, 8 G^ C{wi) and 1 ^ C(ux), no bichromatic cycles are produced. 

Otherwise, \C{u) fl > 2 and |C\(C(«) U C{v))\ = A + 7 - |C7(u) U C7(«)| = 

A +7- (|C(«)| + \C{v)\ - \C(u) n C(v)|) = A + 7+\C(u) n - - 1 + - 1) = 
A + 9 + \C(u) n C(u)| - (d(u) + > A + 9 + |C(w) n C{v)\ -ll>A + 9 + 2-ll = A. 

Let {wx,w 2 , . . . , iw d («)-i} = {^2,^3, • • • , For any 1 < i < \C(u)nC(v)\, let c(uu; i ) = 

1, (i.e., C(«)nC(w) = {i|l < i < |C(«)nC(v)|}), (7< = {j G C\(C(u) UC(v))\ H contains an 
i)(tii,u)-path} and Tj = (C\(C(tt) U C(f )))\C(wi). In particular, c{yw\) = 1, c(fW2) = 2 

and T x = (C\(C(«) U C(v)))\C( Wl ) = = 1, 2, . . .}, T 2 = (C\(C(«) U C(v)))\C{w 2 ) = 
{ai\i = 1,2,.. .}. 



To complete the proof, we introduce a few symbols as defined in [5]. A multiset is a 
generalized set where a member can appear multiple times. If an element x appears t times 
in the multiset S, then we say that the multiplicity of x in S is t, and write mults^x) = t. The 
cardinality of a finite multiset S, denoted by ||£||, is defined as ||£|| = ^ xgS multS'(x) = t. 
Let Si and S 2 be two multisets. The join of Si and S 2 , denoted Si [+J 5*2, is a multiset that have 
all the members of Si as well as S 2 - For x G Si i+jS 2 , mu\ts 1 \^s 2 ( x ) = mult5 1 (x)+mult5 2 (x). 
Clearly ||Si|+JS 2 || = ||Si|| + ||S 2 ||. 

Moreover, we define 

S v = l+| (C(wi)\{c(vwi)}). 

l<i<d(v)-l 

Clearly, \\S V \\ = Ei<<<d(«)-i d ( w i) - ( d ( v ) ~ X ) = J2 2 <i<d{v) d ( v i) ~ ( d ( v ) ~ x ) and for an y 
x G C\(C(u) U C(u)), mult s „(x) > 1 by (* 4 .i). Further, for any i G C{u) C C(t>), let 

7; , = {xGT l |mult s „(x) = 2}, 

T = {x G l+| Ti| mult s „(x) > 3}. 
iec(«)nc(»;) 

Claim 9 Let \C(u) D C(v)\ — k + 1 > 2. If we can obtain an acyclic edge coloring c 
of G when \C(u) D C(v)\ = k, then for any x G C\(C(u) U C{v)), mu\ts v (x) > 2 and 
\\S V \\ > 2\C\(C(u)uC(v))\. 

Proof. If not, then there exists x G C\(C (u)L)C (v)) such that multS v (x) = 1 and x G C{wi). 
Obviously, x G C\ by (*4.i) and the (1, a^^-path cannot pass through to 2 . We recolor t>w7 2 
with x. Since multSu(x) = 1, x ^ C(u>j), j ^ 1 and no bichromatic cycles are produced. 
Then, we reduce the proof to the Case \C(u) D C(v) \ = k. □ 

Case 2 \C(u)nC{v)\ = 2 and C{u) n C(u) = {1, 2}. 

By (*4.i), for any j G C\(C(«) U C(t>)), # contains an (1, j^^-path or (2, j) (u2) „)-path 
and Ti C C 2 C C7(iu 2 ), T 2 C d C C(iui), (C\(C(u) U C(v))) CCiU C 2 . And for any ieT u 
(2, i)( U2)U , 2 )-path cannot path through w\, while for any j G T 2 , (1, j)( Ul>Wl )-path cannot pass 
through w 2 . Further, by Claim |9l T x C (J C(wi) and T 2 C |J C(tUj). 

3<i<d(u)-l 3<i<d(«)-l 

Claim 10 ||S„ n C(u)\\ > \C(u)\ - 1 = d(u) - 2. 

Proof. If not, then there are at least two colors x x ,x 2 G C(u)\S v . First, remove the colors 
of vwi and vw 2 , then color vw x with xi, vw 2 with x 2 , i.e., c(vwi) = Xi, c{yw 2 ) = x 2 . Since 
xi,x 2 S v , no bichromatic cycles are produced. Without loss of generality, we assume that 
X\ — 1 and x 2 = 2. First, we switch the colors of vwi and vw 2 . Next, if C\ fl C 2 7^ 0, 
then we color -ut> with a color in Ci fl C 2 . Otherwise, C\ fl C 2 = 0. Since d(tti) < A, 
\Ci\ + |C 2 | = \Ci U C 2 | > |C\(C(m) U C(v))\ > A and 1 G C(ui), there exits 61 G C 2 \C(ui). 
Then we color uv with 61 and no bichromatic cycles are produced by (*4.i) and Lemma El □ 



Claim 11 For any i G C{1, 2} ; (C7(v)\{l, 2}) n C(wi) ^ 0. 



Proof. If not, (C(v)\{l, 2}) fl C(iVi ) = for some io G {1, 2}, then we recolor vwi with a 
color in Tj and reduce the proof to the Case 1 . □ 
Recall that \C\(C(u) U C(v))\ > A. It follows that |T«| > 2 for any % G {1,2}. 

Case 2.1 (A4.1) holds and d(v) = 4. 

Assume that c(vw 3 ) = 7. By Claim [TT1 7 G C(wi) and 7 G C(i02)- By Claim [9] and 
Claim QUI for any x G C\(C(u) U C{v)), mu\t Sv (x) > 2 and \\3 V n C(u)\\ > d{u) - 2. 
And recall that 7 G C^) n C(u> 2 ), we have \\S V \\ > 2\C\(C(u) U C(v))\ + (\C(u)\ - 1) + 
|{7}| + |{7}| = 2(A + 11 - (d(u) + d(v))) + (d(u) - 2) + 2 = 2A + 14 - However, 

II ^11 = E 2 <i<d(t,) d ( v i) ~ ( d ( v ) ~ !) = E 2 <i<d(„) - 3 < 2A + d(t^) - 3. Clearly, 
2A+14-d(w) < 2A+d(t> 2 )-3, which implies that d(w)+d(> 2 ) > 17. Hence, d(u)+d(v 2 ) = 17 
and ||5 , „nC(u)|| — d(u)—2. Assume that there exists k G C(u)\S v . By (* 41 ), for any « £ Ti, 
(2, i)( UiU )-path cannot pass through w± since % £" C(wi). If = 1, recolor vw 3 with 1, vw\ 
with /3i and color uv with cui. Similarly, k 7^ 2. Otherwise, G C(w)\{l, 2}. Without loss 
of generality, assume that k = 3. If /7 contains no (3, /3i)( MjW2 )-path, we recolor vw 2 with 3 
and color uv with fix. Otherwise, recolor vw 3 with 3, vw 2 with ax and color uv with /?!. By 
(*4.i) and Lemma El no bichromatic cycles are produced. 

Case 2.2 (A i2 ) holds and d(v) = 5. 

Assume that c(vw 3 ) = 6 and c(to 4 ) = 7 . By Claim [Til there exists a, b G {6, 7} such 
that a G C{w\) and 6 G C(w 2 ). 

By Claim M and Claim QUI for any x G C\{C{u)UC{v)),mnLt Sv {x) > 2 and H^nC^H > 
d(u)-2. And recall that a G C(wi) n {6, 7}, b G C{w 2 )n{6,7}, we have ||£J > 2|C\(C(u)U 
C(v))\ + \T \ + (d(u) - 2) + \{a}\ + |{6}| = 2(A + 11 - + d(v))) + |T | + (d(u) - 2) + 2 = 
2A + 12 + |T | - d{u). However, \\S V \\ = E 2 <i<^) ~ ~ x ) = T. 2 <i< d (v) d ( v i) ~ 4 < 
2A + + d(v 3 ) - 4. Clearly, 2A + 12 + \T \ - d(u) < 2A + d(v 2 ) + d(v 3 ) - 4, which 
implies that d{u) + d{y 2 ) + d(v 3 ) > 16 + |T |. Hence, |T | < 3 and |T | = 3 if and only if 
d(u) + d(v 2 )+d(v 3 ) = 19 and \C(u) C\S V \ = d{u) — 2. Clearly, there exists jo G {ax, a 2 , pi, p 2 } 
such that mults^tjo) = 2 and assume that j — ai G T^. Since T 2 C C(wi), we can assume 
that ofi G C(w3)\C(w4). If contains no (6, ai)( TO2)U , 3 )-path, then recolor vw 2 with ai and 
reduce the proof to the Case 1. By (* 4 .i) and Lemma El no bichromatic cycles are produced. 
Otherwise, we assume that: 

(* 4 2 ) 6 G C{w 2 ) and H contains a (6, aA^^-path, which cannot pass through ty 4 . 
Claim 12 

(a) //IT2I > 2, thenT^ C C(w3)\C(w4). And for any en G T 2 ', if contains a (6, Qfi)^^)- 
pai/i, which cannot pass through W4. 

(b) 7/ |T{| > 1, t/ien t/iere exists j G {3,4} and G {3, 4}\{j} s^c/t that T[ C 
C(u;j)\C(i(;fc). And for any G T 1; contains a (c(vvjj), Pi){ Wl , W] )-path, which cannot 
pass through Wk, and c(vwj) G C{w\). 



Proof. To prove (a), we assume that there exists 02 G ^~2\{ a i} sucn that 02 G C(u>4)\C(u>3). 
Then, we recolor VW4 with ai, t>it>2 with 02- Since ai G" C(w2), 02 G" C*(^3) and by (+4.2) and 
Lemma El no bichromatic cycles are produced and reduce the proof to the Case 1. Thus, 
T' 2 C C(w 3 )\C(w4). If H contains no (6, a i )( u , 2iU , 3 )-path for some a i: G T' 2 , then recolor vw 2 
with Oij and reduce the proof to the Case 1. Similarly, we can obtain (b). □ 
By Claim [T2l T' 2 C C(w 3 ). Since G C{w 3 )r\C{wi) if mults„(a:j) > 3 for any «j G T 2 \T2, 
we have T 2 C C{w 3 ). Thus, c?(w 3 ) > |T 2 | + |{6}| = |T 2 | + 1. Similarly, there exists j G {3,4} 
such that Ti C C(^j) and > |T\ | + |{c(fWj)}| = |Ti| + 1. 

Claim 13 C{u) C fi„. 

Proof. If 2 G" S v , we recolor t>w; 3 with 2, t>w 2 with ai and color uv with By (*4.i) 
and Lemma [31 no bichromatic cycles are produced. Assume that (C(u)\{l, 2})\S V 7^ and 
3 G C(u)\S v . If H contains no (3, /3i)( U3jU , 2 )-path, then recolor vw 2 with 3 and color uv with 
/?!■ Otherwise, recolor t>u> 3 with 3, vw 2 with «i and color uv with 

Assume that 1 G" If |T{| > 1, f3 1 G T{ and assume that /?i G C(w 3 )\C(w 4 ) (it 
is similar if (3i G C(w4)\C(w 3 )). Then, we recolor ww 4 , ot 3 , uwi with 1 and /3 2 , and 
color uv with ai. Clearly, no bichromatic cycles are produced by (*4.i) and Lemma |3j 
Otherwise, \T[\ = and mults i) (/3j) > 3 for any G Ti, which implies that |T | > |T\ | . 
If H contains no (6, /3i)( u , 1>W3 )-path, then recolor VW4 with 1, vw\ with /?i and color uv 
with ai. Otherwise, H contains a (6, /3i)( u , lj , U3 )-path and 6 G C(w;i). If H contains no 
(7, /?i )(«,!, «, 4 )-path, then recolor vw 3 with 1, uu^ with f5\ and color wi; with cx\. Otherwise, 
H contains a (7, /^(^^-path and 7 G C(wi). It follows that 1,6,7 G C(wi) and |Ti| > 
A + ll-(d(u) + d(u))-(d(«;i)-3) = A + ll - + -d(wi) + 3 > A-d(wi) + 3 > 3 
since d(w) + d(v) < 11 and d(wi) < A. Recall that |Ti| < |T | < 3. We have |T | = 
|Ti| = 3, d{u) + d{y) = 11, d{w\) = A and d{u) + d{y 2 ) + d{y 3 ) = 19, which implies that 
d{u) = d{v2) = 6, d{vi) = 7 for i = 3,4,5 and A = 7. And recall that 6, 7 G C{wi), 

6 G C(w 2 ), we have \\S V \\ > 2\C\(C(u) U C7(«))| + \T \ + (|C7(u)| - l)+mult St ,(6)+mult 5 „(7) 
= 2(A + 11 - (d(u) + d(v))) + |T | + (d(u) - 2) + 3 = 2A + 3 + 4 + 3 = 2x7 + 10 = 24. 
However, \\S V \\ = Y^2<i<d(v) — (d(v) — 1) = 6 + 3x7 — 4 = 23, a contradiction. □ 

Claim 14 G contains a ((1, 7)( UljWl ))-pa;£/i or a (2,7)( U2jW2 ypath; mults v (6)+ mult5 t ,(7) > 3, 

7 G C{w 2 ) or 7 G fl C(w 3 ) and H contains a (6, 7)( W2)W3 )-path. 

Proof. If H contains no (1, 7)( MljWl )-path and (2, 7)( U2jtU2 )-path, then recolor vw^ with a>\ 
and color uv with 7. By (*4.2) and LemmaEl no bichromatic cycles are produced. Otherwise, 
H contains a (1, 7)( Uli „, 1 )-path or (2, 7)(< i2] „, 2 )-path and 7 G C(wi) U C{w 2 ). If 7 G C(w 2 ), 
then mult5^(6)+mult5 t; (7) > ||{6,7, a}\\ = 3. Otherwise, 7 G C(wi)\C(w 2 ) and H contains 
a (1, 7)( uijtui )-path. If H contains no (6, 7)(„, 2jW3 )-path, then recolor vw 2 with 7, vw^ with 
«i and color uv with And no bichromatic cycles are produced by (*4.2) and Lemma El 
Otherwise, H contains a (6, 7)(,„ 2jU , 3 )-path and 7 G C(w 3 ). Hence, mult 5ij (6)+mult5' i; (7) > 
mult c(mi )(7)+ mult C ( W2 )(6)+mult c( ^ 3) (7) = 3. □ 



Recall that C{u) C S v by Claim EJJ Hence, ||^|| > 2| C\(C(u) U C(u))| + |T | + |C(u)|+ 
mult s „(6) + mult s „(7) = 2(A + 11 - + d{v))) + |T | + d(it) - l+mult 5 „(6)+mult 5 „(7) > 
2A + 12 - d{u) + | T 1 - 1 + 3 = 2A + 14 + |T | - d{u). However, = E 2 <i<d(v) d (^) ~ 
(d(v) - 1) = £ 2 < i < d(t , ) - 4 < 2A + dfa) + d{v 3 ) - 4. Hence, 2A + 14 + \T \ - d{u) < 
2 A + d(v 2 ) + d(v 3 ) - 4, which implies that d(u) + d(v 2 ) + d(v 3 ) > 18 + |T |. 

Since d(u) + d(t> 2 ) + ^(^3) < 19, we have: 
(* 4 . 3 ) (i) d(u) + d(u 2 ) + d(u 3 ) = 18, |T | = and mult 5 „(6)+mult s „(7) = 3; or (ii) d{u) + 
d(v 2 ) + d{v 3 ) = 19, \T \ < 1 and \T \ = 1 if and only if mult s „(6)+mult^(7) = 3. 

Let k x = \C(wi) n (C(w) U C(v))\, k 2 = \C(w 2 ) n (C(w) U C(v))|. We have = 
\(C\(C(u)UC(v)))\C(wi)\ = A+ll-(d(«)+d(«))-(tZ(«>i)-/ci) > A-d(wi)+«i > «i and 
|T 2 | = |(C\(C(«)UC( W )))\C(w 2 )| = A+ll-(d(«)+^))-(d(w 2 )-/« 2 ) > A-d(w 2 )+n 2 > k 2 . 

Claim 15 7/mult s „(6) + mult 5 „(7) > 4, then 

(i) |T | = 0, and d{u) = d{v 2 ) = 6, d(vi) — 7, i — 3, 4, 5; 

(ii) mults ii (6)+ mult 5^ (7) = 4, and for any i G C(w), mults^i) = 1; 

(iii) \C\(C(u) U C(v))\ = A and |Ti| = A - d( Wl ) + Klj |T 2 | = A - d(w 2 ) + « 2 . 

(iv) If \Ti\ = K\, then A = d{w\) = 7; If |T 2 | = k 2 , t/ien A = d(w 2 ) = 7. 

Proof. Since \\S V \\ > 2\C\(C(u) UC(v))\ + |T |+£ aeC(tt) multS , t) (aO+ mult ^( 6 )+ multS„(7) 
> 2\C\(C(u) U C(v))| + |T | + \C{u) I + 4 = 2(A + 11 - (d(u) + d(v))) + \T \ + d(u) - 1 + 4 > 
2A + 12 + |T | - d{u) + 3 = 2A + 15 + |T | - d{u) and \\S V \\ = E 2 <i<d(,) - ~ X ) = 
E 2 <i<d(,) d ( v i) - 4 < 2A + d(v 2 ) + d(v 3 ) - 4, we have 2 A + 15 + |T | - d{u) < 2 A + d(v 2 ) + 
d(t> 3 ) — 4, which implies that d(u) + d(u 2 ) + d(v 3 ) > 19 + |T |. Since |T | > 0, we have 
d{u) + d(v 2 ) + ^(^3) = 19, |T | = 0. It follows that (ii)-(iv) holds. □ 
By Claim [121 Claim [151 we can further assume that: 

(*4. 4 ) If mult^(6)+mult s „(7) > 4, then T' 2 = T 2 C C(w 3 ), T[ = T x C C(tWj) for some 
j G {3,4}, c{vwj) G C(iui) and for any G Ti, i7 contains a (c(muj), /3j)( Wl)lu .)-path, which 
cannot path through Wk, k G {3,4}\{j}. 

Since |T | < 1 by (* 4 . 3 ) and \Ti\ > 2, we have \T[\ > 1 and assume that f3 1 G T[. Now 
we need to consider the following. 

Case 2.2.1 Assume that (3\ G C(w 3 ). 

By Claim H21 6 G C{wi). By ClaimHa 7 G C(w 2 ) or 7 G fl C(w 3 ) and contains 

a (6, 7)( W2)W3 )-path. 

• 7 g c(u>i) n c(w 2 ). 

Then mult 5 „(6)+mult St ,(7) > 4. By Claim [El d(w 3 ) < 7, 6, 7 ^ C(w 3 ) U C(w 4 ), and 
for any z G C(«), mult s „(i) = 1, T[ = T x C C(w 3 ),T^ = T 2 C C(w 3 ). Since |T X | > Ai > 3, 
|T 2 | > A 2 > 3, d{w 3 ) < 7 and d(to 3 ) > 1^1 + \T 2 \ + |{6}| > 7, we have T x = {/3 U fc, /3 3 }, 
T 2 = {ai, a 2 , az 3 }, C{w 3 ) = {6, a x , a 2 , a 3 , /3 2 , /3 3 }. We recolor fw 3 with 2, t>w 2 with a\ 
and color -uf with (3\. By (*4.i) and Lemma [3l no bichromatic cycles are produced. 

• 7 G C(w 2 )\C(wi). 



If H contains no (6, 7)( tUl)W3 )-path, we recolor t>u> 4 with a±, vw\ with 7 and color uv 
with a 2 . By (* 4 .i), (*4.2) and Lemma EJ no bichromatic cycles are produced. Otherwise, H 
contains a (6, 7)( TO1)U , 3 )-path, which implies that 7 G C(u> 3 ). Thus, mult5 t ,(6)+mult5 u (7) > 4. 

By Claim [T5l <i(w 3 ) < 7, 6 G" C(u> 4 ), and for any i G C(u), mu\ts v (i) = 1, T{ = T\ C 
C(w 3 ),T^ = T 2 C C(w 3 ). Since > «i > 2, |T 2 | > k 2 > 3, and d(w 3 ) > |T X | + |T 2 | + 
|{6, 7} | > 7, we have T\ = {8, 9}, T 2 = {10, 11, 12}, C(w 3 ) = {6, 7, 8, 9, 10, 11, 12}. Further, 
we may assume that d{wi) = d{w 2 ) = d(w 3 ) = A = 7 and d(w 4 ) = 6 by Claim [151 an d 
C{w x ) = {1,6,10,11,12,13,14}, C{w 2 ) = {2,6,7,8,9,13,14}, C(w A ) = {1,2,3,4,5,7}. If 
H contains no (1, 13)( xuliXU4 )-path, recolor vw^ with 13, vw 3 with 2, vw 2 with 10 and color 
uv with 8. Otherwise, H contains a (1, 13)( 11)ljU , 4 )-path and (2, 13)( W2iU )-path by (*4.i), which 
cannot pass through u> 4 . Recolor vw^, vwx, vw 3 with 13, 8, 1, respectively, and color uv with 
10. By (* 4 .i) and Lemma [3j no bichromatic cycles are produced. 

• 7 G C(wi) and 7 G C(w 3 )\C(w 2 ). 

Note that mults^(6)+mult,s„(7) > 4. By Claim [TBI <i(u> 3 ) < 7, 6 G" C(u> 4 ), and for any 
% G C(u), mult So (i) = 1, T[ = T t C C(u> 3 ),T^ = T 2 C C(w 3 ). Since |T\ | > 3, |T 2 | > 2, 
and d(w 3 ) > |Tx| + |T 2 | + |{6,7}| > 7, we have T x = {10,11,12}, T 2 = {8,9}, C{w 3 ) = 
{6,7,8,9,10,11,12}. Further, we may assume that d{wi) = d{w 2 ) = d(w 3 ) = A = 7 and 
d(wi) = 6 by Claim [151 and C(w l ) = {1,6, 7, 8, 9, 13, 14}, C(w 2 ) = {2, 6, 10, 11, 12, 13, 14}, 
C(u; 4 ) = {1,2,3,4,5,7}. If H contains no (1, 13)( ?i , li ^ 4 )-path, recolor vw^ with 13, vw 3 
with 2, vw 2 with 8 and color uv with 10. Otherwise, if contains a (1, 13)(„, ljW4 )-path and 
(2, 13)(„, 2)U )-path by (* 4 .i), which cannot pass through W4. Recolor VW4, vwi, vw 3 with 13, 
10, 1, respectively, and color uv with 8. By (* 4 .i) and Lemma [31 no bichromatic cycles are 
produced. 

Case 2.2.2 Assume that 0i G C(w 4 ). 

By Claims [12] and HH 7 G C{wi) and if 7 G" C(w 2 ), then 7 G C(w 3 ), and H contains a 
(6, 7)( u , 2>W3 )-path. If 6 ^ and G contains no (2, 6)( U2i „ )2 )-path, then recolor ww 3 with 

Pi and color uv with 6. Otherwise, G contains a (2, Q)(u 2 ,w 2 ) 

-path if 6 £ C(wi). If 6 £ C(wi) 
and if contains no (6, 7)(< 1)li „, 4 )-path, then recolor vwi with 6, wro 3 with (3i and color ut> with 
«i. By (* 4 . 4 ) and Lemma[3l no bichromatic cycles are produced. Otherwise, we assume that: 

(*4.s) (i) 7 G C(w 2 ), or 7 G C^u^) and i7 contains a (6, 7)( u , 2i „ ) 3)-path. (ii) 6 G C(wi), or 
6 G C(u> 4 ) and H contains a (6, 7)(„, 1)U , 4 )-path. 

By (* 4 . 5 ), we have 7 G C(w 2 )UC(w 3 ), 6 G C{w 1 ) UC(ib 4 ) and mult^(6)+mult 5t ,(7) > 4. 
By Claim [151 and (* 4 . 3 ), (*4.4), mult5 t) (6)+mults„(7) = 4, d{wi) < 7 for any 1 < i < 4, and 
for any 7 G mults^tj) = 1. By the previous analysis, we need to consider the following 

subcase. 

• c(t>t>5) = 1 and 7 G C{v^). 

If c(-ut>5) = 2, then we color uv with a color in {8, 9, . . . , A + 7}\C(v 5 ). Otherwise, 
c(uv 5 ) = 3. Assume that c{yw 2 ) = 2 and c(vw 4 ) = 7. 



If there is no (1, 3) ( U)1U2 )-path in if, recolor vw 2 with 3 and color uv with a color in 
{8, 9, . . . , A + 7}\C{y^). Since mults t ,(3) = 1 and 3 G C{v^), there is no bichromatic cycles. 
Otherwise, if contains a (1, 3)(„ 5 ,„ 2 )-path and 1 G C{w 2 ). If for some color i 6 {8,9,..., A + 
7}\C(v 5 ), there is no an (i, j)( u „ 5 )-path for any j G {4,5}, then we recolor uv 5 with i 
and color uv with 3. Otherwise, for each color i G {8, 9, . . . , A + 7}\C(v^, if contains an 
(h j)o,?J5)-P a th for some color j G {4,5}. Without loss of generality, assume that 4 G C{y^) 
and if contains a 4)( ltl , 5 )-path. Since d(v 5 ) = 7 and d{w 2 ) < 7, it suffice to assume that 
C(v 5 ) = {1,3,4,7,8,9,10}, C(w 2 ) = {1,2,6,11,12,13,14} and A = 7. Then recolor vv 5 , 
vw 2 , VW4 with /?i,4, 1 and color uv with 8. By the previous assumption and Lemma El no 
bichromatic cycles are produced. 

• c(ff 5 ) = 6, 0i G" C(f 5 ) and c(vwi) = 1, c{vw 2 ) = 2, t>(t>w 4 ) = 7 

If c(uv 5 ) G {3,4,5}, then we recolor vw 2 with c(-ut> 5 ) and color uv with Since 
mult5 tj (3) = 1, 3 G" C{y^) and no bichormtic cycles are produced. Otherwise, c{uv§) G {1, 2}. 
If for some color i G {8, 9, . . . , A+7}\C(f5), there is no an (i, j)( Uj „ 5 )-path for any j G {3, 4, 5}, 
then we recolor uv^ with i and reduce the proof to the Case 1. Otherwise, for each color 
i G {8, 9, . . . , A+ 7}\C(t>5), if contains (i, j)i u ^ 5 )-path for some color j G {3, 4, 5}. Without 
loss of generality, assume that 3 G C(v 5 ) and if contains a (/3i, 3)( Uj „ 5 )-path. 

Assume that c(mw 5 ) = 1. Since mults' t) (3) ^mult^l) = 1, 1,3 ^ (C(iu 1 )\{l}) U C(w 2 ). 
If if contains no (3, 6)( 1 , 5jtUl )-path, then we recolor vwi with 3, vw 2 with 1 and color uv 
with f3\. Otherwise, if contains a (3, 6)(„ 5jW1 )-path. Recolor vw 2 with 3, vv^ with /?i and 
color uv with 6. Since if contains no (7, /3i)(„, ljW4 )-path by Claim [T2l no bichromatic cycles 
are produced even 7 G C(t> 5 ) by Lemma Otherwise, assume that c(uv 5 ) = 2. Since 
mults' I ,(3) =mu\ts v (2) — 1, 2,3 G" If if contains no (3, 6)(„ 5i ^ 1 )-path, then we recolor 

t;«Ji with 3 and color uv with Otherwise, if contains a (3, 6)( 1 , 5jU , 1 )-path and 6 G C(w;i). 
Recolor with 3, vv 5 with and color uv with 6. Since if contains no (7, /^(^^-path 
by Claim [121 no bichromatic cycles are produced even 7 G C(vs) by Lemma [31 

Case 3 \C(u)nC(v)\ = 3 and C(«) n C(v) = {1, 2, 3}. 

Assume that c(to 3 ) = 3. By (*4.i), for any j G C\(C(m)UC(?j)), if contains an (i,j)( U) v)- 
pathfor some i G {l,2,3}andTi C C 2 UC 3 C C(w 2 )UC(w 3 ), T 2 C CiUC 3 C C(wi)UC(w 3 ), 
and T 3 C Ci U C 2 C U C(tu 2 ). It is easy to derive that \C\(C(u) U C(«))| = A + 

7 - |(7(u) U = A + 7 + 2 + 3- (d(u) + d(v)) = A + 12 - (d(u) + d{y)) > A + 1, 

\n = \(C\(C(u) U C(v)))\C( Wi )\ = \C\(C(u) U C(v))\ - (d( Wi ) - 1) > 2, z = 1,2,3. 

Case 3.1 (A4.1) holds and = 4. 

Assume that 1 G" S^. If if contains no (2, ^i)( wi)11 , 2 )-path, then we recolor vw^ with 1, vw\ 
with /?! and reduce the proof to the Case 2. Otherwise, if contains a (2, /3 1 )( Wljl( , 2 )-path and a 
(3, /3i)( U)W3 )-path by (*4.i) and LemmaEJ Then we recolor mui with (3i, vw 2 with 1 and reduce 
the proof to the Case 2. Otherwise, 1 G S v and 2,3 G <fv Further, if C(u)\S v 7^ and 4 G 
C(u)\S v , we recolor fu^ with 4 and then 4 6 5„ similarly. Now we assume that C(u) C S^. 
By Claim El for any a; G C\(C(u) UC(v)), mult 5 „(x) > 2 and ||SJ > 2|C\(C(«) UC(v))|. So 



\S V \ > 2\C\{C{u)UC{v))\ + \C{u)\ = 2(A+7-(d(w)-l+3-3)) + (d(u)-l) = 2A+ 15 -<f(u). 

\\Sv\\ = J2v^ueN(v) d ( v i) ~ ( d ( v ) ~ !) = E« i? tuGJV(«) d ( v - 3 < 2A + d(va) - 3. Hence, 
2A + 15 — < 2A + d{v 2 ) — 3, which implies that d(u) + d(v 2 ) > 18, a contradiction. 

Case 3.2 (A4.2) holds and = 5. 

Assume that 0(104) = 6. Recall that |Tj| > 2 for any i G {1, 2, 3}. 

Claim 16 For i G {1, 2, 3}, <?(«;;) n C(v) ^ {i}. 

Proof. If C(wi) fl C(v) = {1}, then we recolor vw\ with (3% and reduce the proof to the 
Case 2. Hence, C(w\) fl C(u) 7^ {1} and assume that {I, a} C C(w) fl C(toi). Similarly, we 
assume that {2, 6} C C(v) n C(iu 2 ), {3, c} C C(v) n C(w 3 ), where a, 6, c G C7(«). □ 

Claim 17 For i = 1,2,3, T; C C{wj) for any j G {1,2, 3}\{i} and T t n 7} = /or any 
i,j G {1,2,3}. 

Proof. For any G Ti\T{, it is clear that G C(u>2) fl C(w 3 ). If T{ 7^ and assume 
that 0i G T{\C(w 3 ), then if contains a (2, /3 1 )( Ui , i , 2 )-path by (*4.i) and fix G C(u> 4 ) since 
mults i ,(/3i) > 2 by Claim [9j If if contains no 6)(™ 1)to4 )-path, we recolor uk^ with /?!. 
Otherwise, If contains a 6)( Wljtl)4 )-path, recolor w 3 with Clearly, no bichromatic 
cycles are produced by Lemma [3] and reduce the proof to the Case 2. Hence, T[ C Ti C 
C(w 2 ) H C(w 3 ) and it is similar for i — 2, 3. □ 

By Claims [16] and H71 |T<| > 3 and d(twi) > |{1, o}| + \T 2 \ + \T 3 \, d(w 2 ) > \{2,b}\ + \T l \ + 
|T 3 |,d(«;3)>|{3,c}| + |ri| + |r 2 |. 

Let d(u) = Q-k,0<k<2. Then \C\(C(u) U C(v))\ = A + 7 - + + 

|C(w)nC(u)| = A+l + A;, |Ti| > A+l+Jfe-(A-2) > k+3 and rf(^) > 2+2(A;+3) = 2A;+8for 
i G {1,2,3}. Noting that d(v 2 ) > d(u), we have d(v 2 ) + d(v 3 ) > 2A; + 8 + min{6 - k, 2k + 8} = 
2k + 8 + Q-k = k + lA and d(u) + d(v 2 ) + d(v 3 ) > 6 - fc + k + 14 = 20, a contradiction. □ 

Case 4 D C(«)| = 4 and C{u) n C(i>) = {1,2,3,4}. 

Then d(t>) = 5 and assume that c(vw 3 ) = 3, c{vw^) = 4. Clearly, |C\(C(m) UC(v))\ > 
A + 2 and for any i G {1,2,3,4}, \%\ > 3. 

If C(wi)nC(v) = {i} for some i G {1, 2, 3, 4}, we recolor vwi with a color in Tj and reduce 
the proof to the Case 3. Otherwise, for any i G {1, 2, 3, 4}, C{wi) C\C(v) 7^ {i}. Assume that 
{l,a} C C(wi)nC(r), {2,6} C C(w 2 )nC(t)), {3,c} C C(w 3 )nC(r), {4,d} C C(w A )nC(v). 

If = 5, then \C\{C(u) U C(v))| > A + 3 and d(v 2 ) + d(v 3 ) < 18 - 5 = 13. Hence, 
2A + 6 + 4 < 2\C\(C(u)UC(v))\ + \{a,b,c,d}\ < \\S V \\ = ~ V{v) - 1) = 

E2<i<d(i,) d ( v i) - 4 < 2A + d(v 2 ) + d(v 3 ) - 4 < 2A + 13 - 4 = 2A + 9, a contradiction. 

If d{u) = 6, then \C\(C(u) U C(v))| > A + 2 and d(w 2 ) + d(v 3 ) < 19 - 6 = 13. Hence, 
2A + 4 + 4+|T | < 2\C\(C(u)UC(v))\ + \{a,b,c,d}\ + \T \ < \\S V \\ = £ 2 <k^) d( Vi ) - 
(d(v) - 1) = E 2 <i<d(v) d ( v i) - 4 < 2A + d(v 2 ) + d(v 3 ) - 4 < 2A + 13 - 4 = 2A + 9, i.e., 
2 A + 8 + |T | < 2 A + 9, which implies that \T \ < 1 and \T[\ > 1 since |Ti| > 4. Assume 



that (3\ G T[ and (3i G (C(u> 2 ) fl C(w 3 ))\C(w4). By (* 4 .i), contains a (i, /3i)( Uil) )-path for 
some ? G {2,3}. Without loss of generality, assume that H contains a (2, /3i)( u ^)-path. If iJ 
contains no (3, /3i)( Wli ^ 3 )-path, we recolor vw\ with (3\ and reduce the proof to the Case 3. 
Otherwise, recolor w 4 with f3x and reduce the proof to the Case 3. □ 
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